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This paper studies the weights stability and accuracy of the implicit fifth-order weighted essentially nonoscillatory

finite difference scheme. It is observed that the weights of the Jiang-Shu weighted essentially nonoscillatory scheme

oscillate even for smooth flows. An increased " value of 10�2 is suggested for the weighted essentially nonoscillatory

smoothness factors, which removes theweights oscillation and significantly improves the accuracy of theweights and

solution convergence. With the improved " value, the weights achieve the optimum value with minimum numerical

dissipation in smooth regions and maintain the sensitivity to capture nonoscillatory shock profiles for the transonic

flows. The theoretical justification of this treatment is given in the paper. The wall surface boundary condition uses a

half-pointmesh so that the conservative differencing can be enforced.A third-order accuratefinite difference scheme

is given to treat wall boundary conditions. The implicit time-marching method with unfactored Gauss–Seidel line

relaxation is used with the high-order schemes to achieve a high convergence rate. Several transonic cases are

calculated to demonstrate the robustness, efficiency, and accuracy of the methodology.

Nomenclature

Ck = optimal weight
ISk = smoothness estimator
J = Jacobian of transformation
M = Mach number
Pr = Prandtl number
Prt = turbulent Prandtl number
p = pressure/power used for weighted essentially

nonoscillatory scheme
qk = heat flux in Cartesian coordinates/third-order

polynomial interpolation
Re = Reynolds number
t = time
u, v, w = velocity components in x, y, and z direction
x, y, z = Cartesian coordinates
� = ratio of specific heats
�U = difference of the conservative variables
" = parameter introduced in weighted essentially

nonoscillatory scheme
� = molecular viscosity
�t = turbulent viscosity
�, �, � = generalized coordinates
� = density
!k = weight

Subscripts

i, j, k = indices

w = wall
1 = freestream

Superscripts

L, R = left and right sides of the interface
n = time level
� = dimensionless variable

I. Introduction

B ECAUSE the application of computational fluid dynamics
(CFD) is more and more popular, the demand for high-

accuracy and high-efficiency CFD solutions is increased to satisfy
the needs of broad engineering problems. So far, most of the
engineering applications employ the second-order numerical
accuracy. The high-order schemes (higher than third order) are
mostly limited to the fundamental research such as high-fidelity
turbulence simulation [e.g., large eddy simulations (LES) and
direct numerical simulation (DNS)] and aeroacoustic calculation.
The reason is that the high-order schemes are generally not mature
enough for robust engineering applications. For example, when a
high-order scheme is used, the convergence for a steady-state
solution is usually difficult. How to make a high-order scheme
converge well is not well studied.

For aerospace engineering applications with shock waves or
contact surfaces, the essentially nonoscillatory (ENO) or weighted
essentially nonoscillatory (WENO) schemes are attractive for their
capability to capture discontinuities and achieve consistent high-
order accuracy in smooth regions. By using a convex combination
of all candidate stencils to replace the smoothest stencil of the
ENO scheme, a WENO scheme has more advantages over its ENO
counterpart. For example, it approaches certain high-order
accuracy in smooth regions and has a better convergence rate due
to the smoother numerical flux used. From its appearance [1,2] to
present, the WENO schemes have been extensively applied to
different flow problems in many areas.

Titarev and Toro [3] were the first to carry out an extension of
the finite volume WENO schemes to three space dimensions with
high-order accuracy. A finite volume WENO scheme has a higher
computational cost than a WENO finite differencing scheme. A
WENO finite difference method is more efficient in multidimen-
sional calculation due to avoiding the Gaussian integrals. As
pointed out in [3,4], when the piecewise parabolic reconstruction is
used in two space dimensions, a finite volume WENO scheme
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requires approximately 3 times more CPU time than the
corresponding finite difference WENO scheme. In three space
dimensions, the difference is about 9 times. Hence, for structured
meshes, the finite difference WENO scheme is preferred and is
adopted in this paper. In [5–7], the formally high-order accurate
WENO shock-capturing method, which uses a third-order total-
variation diminishing Runge–Kutta time evolution scheme, is
applied to the reshocked two-dimensional single-mode Richtmyer–
Meshkov instability [5], the shallow water and the open-channel
flow equations [6], and to study adaptive mesh refinement
techniques for multidimensional hydrodynamic simulation [7].
Sjogreen and Yee [8] used a low-dissipation sixth-order spatial and
fifth-order WENO scheme with the standard fourth-order Runge–
Kutta method to study the supersonic reactive flows.

In a WENO scheme, a Riemann solver is needed to capture the
discontinuities. There are two ways to evaluate the Riemann solver
fluxes. For WENO finite difference schemes, Shu suggested that the
WENO reconstruction be directly applied to the split fluxes from the
left or right [9]. In this paper, we employ a different method, which is
to evaluate the conservative variableswith aWENOscheme and then
use the conservative variables to calculate the fluxes based on the
Riemann solvers. This is similar to the MUSCL method of van Leer
[10]. Nichols et al. [11] also used thismethod to addWENO schemes
to the OVERFLOW implicit Navier–Stokes flow solver [12], which
makes use of the MUSCL framework without the need for extensive
code modifications.

Chen et al. [13] presented a class of implicit WENO schemes for
the incompressible Navier–Stokes equations, in which the lower-
upper symmetric Gauss–Seidel (LU-SGS) relaxation is used for
computing steady-state solutions. Yang et al. [14] extended this
method to the solutions of steady compressible Navier–Stokes
equations. Cadiou and Tenaud [15] proposed an implicit WENO
shock-capturing scheme for unsteady flows and applied it to one-
dimensional Euler equations. The use of a WENO spatial operator
not only enhances the accuracy of solutions, but also improves the
convergence rate of steady-state computation compared with using
the ENO counterpart. In [16,17], the factored LU-SGS is
significantly less efficient than the unfactored Gauss–Seidel line
relaxation method for the steady-state flow computation because the
former introduces the factorization error limiting the Courant–
Friedrichs–Lewy (CFL) number and convergence rate. Hence, in this
paper, the implicit Gauss–Seidel line relaxation is used with the
WENO scheme for the first time.

Zhang and Shu [18] found that, when a fifth-order WENO
scheme combined with a Runge–Kutta time discretization is used
to achieve steady-state solutions, the residuals do not drop below
the truncation error level of the scheme, which is far greater than
the machine zero. They noticed that the original smoothness
indicator of Jiang and Shu [2] results in a small oscillation near a
steady shock wave. The oscillation propagates to the smooth
region and causes the residual to hang at the truncation error level,
rather than to approach machine zero. They proposed a modified
smoothness indicator near the shock region for the fifth-order
WENO scheme, which can drive the residual to machine zero for
some 1-D and 2-D problems when there is little influence from the
boundary conditions. However, for the other examples, the
residuals still fluctuate at the level of 10�2 � 10�4. Zhang and Shu
[18] attributed the convergence difficulty to the influence of
boundary conditions. At a critical point (the first derivative is
zero), the first term in the Taylor series expansion of the ISk of
Zhang and Shu’s modification does not satisfy the requirement of
ISk �D�1�O��xr�1�	 to achieve fifth-order accuracy. Thus, the
accuracy of the scheme of Zhang and Shu [18] is only third-order
at a critical point.

Henrick et al. [19] proposed a mapped WENO scheme to achieve
the optimal accuracy order at the critical point of a smooth function
and discussed the choice of " value for the fifth-order WENO
scheme. When " is dominant in magnitude, the predictions of the
WENO scheme approach those of the upstream central difference
schemes. Furthermore, oscillation on the order of "2 may exist near
discontinuities. Hence, if the " is too large, it will mitigate the ENO

behavior of themethod to capturemonotonic shock profiles. Henrick
et al. suggested that " can be slightly larger than the square root of the
smallest positive number allowed for a particular machine, but they
did not study the convergence behavior for computing steady-state
solutions.

So far, the fifth-order WENO schemes are mostly used for
unsteady flow calculation such as LES, DNS, or aeroacoustic
calculation [20–23]. For unsteady calculation, if an explicit scheme
such as aRunge—Kutta scheme is used, the convergence is generally
not an issue. If a dual time-stepping procedure [24] is used, the
convergence is requiredwithin each physical time step. However, for
dual time stepping, a fixed number of iterations within each physical
time step is often used and the convergence of the solution is
sometimes overlooked. The best convergence test is to calculate
steady-state solutions to see if they can be converged to machine
zero. For transonic flows with shock wave discontinuities, little
research has been done to study the convergence behavior of steady-
state solutions using high-order WENO schemes.

In this paper, it is shown that the convergence difficulty of the
original WENO scheme of Jiang and Shu [2] is caused by the
oscillation of the weights, which also shifts the weights away from
the optimum values in smooth regions and increases the
diffusiveness of a WENO scheme. A WENO scheme is designed
to achieve the minimum numerical dissipation in smooth regions
when the weights are equal to the optimum values. The optimum
weights evaluate the interface flux symmetrically from the left and
right like central differencing. However, because a WENO scheme
must employ a Riemann solver to calculate the interface flux, the
numerical dissipation always exists, but is minimum when the
optimum weights are used. In our study, it is observed that the
weight oscillation and deviation from the optimum value even
occur for flat-plate boundary-layer flows, which are smooth with
no shock waves. This may be the reason that even the sixth-order
ENO scheme can be too dissipative for DNS if care is not taken
[25,26].

The purpose of this paper is twofold: 1) study the stability,
convergence, and accuracy of the fifth-order WENO scheme of
Jiang and Shu [2]; and 2) develop a robust, efficient, and accurate
remedy for computing steady-state transonic flows with solid and
fast convergence. The following novel numerical techniques are
developed in this paper. First, the oscillation of the weights of
WENO schemes in smooth regions can be suppressed by
reasonably amplifying the parameter " in the smoothness
estimators, but still maintain the sensitivity to shock waves. This
treatment can stabilize the weights at the optimum values and
generate minimum dissipation, which results in solid convergence
to machine zero. Second, the wall boundary treatment uses a half-
point mesh so that the no-slip wall boundary condition can be
accurately imposed in a conservative manner for a WENO finite
difference scheme. A third-order accuracy finite difference scheme
is given to treat the first mesh node on the wall. Third, the implicit
time-marching method with unfactored Gauss–Seidel line
relaxation is used with the high-order WENO finite difference
scheme to achieve steady-state solutions with high convergence
rate.

II. Numerical Method

A. Governing Equations

The normalizedNavier–Stokes equations governing compressible
viscous flows can be written in the Cartesian coordinate as

@U

@t
� @E
@x
� @F
@y
� @G
@z
� 1

Re

�
@R

@x
� @S
@y
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@z

�
(1)

where
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The repeated index k stands for the Einstein summation over x, y, and
z. The stress � and heat flux q are
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The equation of state is

�e� p

� � 1
� 1

2
��u2 � v2 � w2�

where�t is the turbulence eddy viscosity calculated by the Baldwin–
Lomax model [27].

In the preceding equations, � is density, u, v, and w are the
Cartesian velocity components in x, y, and z directions, p is static
pressure, e is total energy per unit mass,� is molecular viscosity, J is
the transformation Jacobian, and �,Re,M1,Pr, andPrt are the ratio
of specific heat, Reynolds number, freestreamMach number, Prandtl
number, and turbulent Prandtl number, respectively.

The dimensionless flow variables in the governing equations are
defined as follows:

x� � x
L
; y� � y

L
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L
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1
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where L is the reference length and the freestream conditions are
denoted by the subscript1. For simplicity, the subscript� is omitted
in Eq. (1). In the generalized computational coordinates, Eq. (1) can
be written as
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where
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For simplicity, the prime 0 in Eq. (2) will be omitted in the rest of this
paper.

Equation (2) is discretized in an implicit form as
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where the inviscid numerical fluxes En�1
i�1

2

, Fn�1
j�1

2

, and Gn�1
k�1

2

are

evaluated by theWENO scheme with a Riemann solver as described

in Secs. II.B and II.C, and the viscous numerical fluxes ~Rn�1i�1
2
, ~Sn�1j�1

2
,

and ~Tn�1k�1
2
are evaluated by a fourth-order fully conservative central

differencing described in [28].

B. Flux Difference Splitting

The Roe’s flux difference scheme [29] is used as the Riemann
solver with theWENO scheme in this paper. For the rest of the paper,
we will take the flux in � direction as the example to explain the
numerical methodology. Other directions can be obtained following
the symmetric rule.

For the Roe scheme,

Ei�1
2
� 1

2
�E�UL� � E�UR� � ~A�UR � UL�	i�1

2
(4)

The high-order accuracy of Ei�1=2 is obtained by achieving the
high-order accuracy of the left and right conservative variables UL

andUR using the WENO scheme described in the next section. This
procedure is similar to the MUSCL scheme suggested by van Leer
[10] and is adopted in both [28] and this paper.

C. Weighted Essentially Nonoscillatory Scheme

The finite difference fifth-order accuracy WENO scheme
suggested by Jiang and Shu [2] is used to evaluate the conservative
variables UL and UR. The WENO scheme for a variable uL can be
written as

uLi�1=2 � !0q0 � !1q1 � !2q2 (5)

where !0, !1, and !2 are the weights, and the q0, q1, and q2 are the
third-order accuracy reconstruction of the variables in three different
stencils. They are determined as follows:
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	k �
Ck

�"� ISk�p
; k� 0; 1; 2 (7)

where Ck are the optimal weights with the following values:

C0 � 0:1; C1 � 0:6; C2 � 0:3

The ISk are the smoothness estimators determined as

IS0 � 13
12
�ui�2 � 2ui�1 � ui�2 � 1

4
�ui�2 � 4ui�1 � 3ui�2

IS1 � 13
12
�ui�1 � 2ui � ui�1�2 � 1

4
�ui�1 � 4ui � 3ui�1�2

IS2 � 13
12
�ui � 2ui�1 � ui�2�2 � 1

4
�ui � 4ui�1 � 3ui�2�2

(8)

The " in Eq. (7) is introduced to avoid the denominator becoming
zero. Jiang and Shu’s numerical tests indicate that the results are not
sensitive to the choice of " as long as it is in the range of10�5–10�7. In
their paper [2], " is taken as 10�6. The uR is constructed
symmetrically as uL about i� 1

2
.

D. Weight Accuracy and Stability of a Weighted Essentially
Nonoscillatory Scheme

In the present study, it is observed that, when there are shock
waves or large gradient regions in the flowfields, the weights of Jiang
and Shu’s WENO scheme [2] will necessarily oscillate. The
convergence of the numerical solutions is hence seriously affected.
This can be seen from the numerical examples in Secs. III.C and
III.D. The reason is as follows.

For WENO schemes, in either the regions of smooth flow or
discontinuities, if the smoothness estimators ISk are larger than the "
value, the weights are mainly determined by ISk. In other words, the
weights are sensitive to the ISk. TheWENO schemes are designed to
expect that ISk are uniformly small in smooth regions with about the
same magnitude. The Taylor series expansion of Eq. (8) at xi gives

ISk �D�1�O��x2�	; D� u0i�x2; k� 0; 1; 2 (9)

Then, the weights !k satisfy

!k � Ck �O��x2� (10)

which ensures that the WENO scheme is of fifth-order accuracy.
The " can be absorbed into the smoothness estimators if we let

IS0k � "� ISk �D0�1�O��x2�	 (11)

where D0 �D� ". Equation (11) implies that the magnitude of "
does not affect the accuracy order of a WENO scheme. However, "

should not be too large, otherwise, the sensitivity of shock stencils
may be lost.

Ideally, if ISk are the same, the !k will be equal to the optimum
weights Ck, which will give the strict fifth-order accuracy
formulation defined by Eq. (5), and the optimum weights are
symmetric about the interface evaluated. For example, the QL and
QR in Eq. (4) will be symmetric about the interface i� 1

2
. For a

Riemann solver such as the Roe scheme given in Eq. (4), the
optimum weights Ck are the closest to the central differencing and
hence generate the least numerical dissipation. When the weights !k
are deviated from the optimum weights as defined in Eq. (10), the
evaluation of the interface flux is also moved more toward one-side
differencing and the numerical dissipation is hence increased, even
though it is still at fifth-order accuracy. In other words, keeping the
!k close or equal to the optimum weights Ck in smooth regions is
desirable to have the minimum numerical dissipation.

Because of the nonsmoothness of flowfields, the occurrence of
shock waves, and the nonuniformity of a computational mesh, the
smoothness estimators ISk can vary greatly and are not always less
than the " value, even in the smooth regions. In our numerical studies,
the smoothness estimators ISk at the probe points are 2 to 3 orders of
magnitude greater than 10�6 in the smooth regionswith no shocks. In
the regions where ISk are greater than ", the ISk are oscillatory and
result in the oscillation of the weights. The oscillatory weights then
further enhance the oscillation of the ISk. It becomes an ill cycle and
makes the solution unstable and converge poorly.

Based on Eq. (7), it can be seen that if the " value is significantly
higher than the ISk in the smooth regions, 	k will be less sensitive to
ISk and !k will be closer to the optimum weights Ck. If "!1, the
fifth-order accuracy with the optimum weights and minimum

Table 1 Accuracy of the WENO scheme with different "

Initial " N L1 error L1 order L1 error L1 order

u0�x� � sin�2
x� "� 10�6 40 0.257925E-02 0.145113E-02
80 0.898196E-04 4.844 0.443858E-04 5.031
160 0.278815E-05 5.010 0.138816E-05 4.999
320 0.862413E-07 5.015 0.434416E-07 4.998
640 0.255687E-08 5.076 0.135695E-08 5.001

"� 10�2 40 0.227031E-02 0.133014E-02
80 0.578544E-04 5.294 0.334752E-04 5.312
160 0.101799E-05 5.829 0.652960E-06 5.680
320 0.154151E-07 6.045 0.111876E-07 5.867
640 0.311103E-09 5.631 0.237542E-09 5.558

u0�x� � sin4�
x� "� 10�6 40 0.890319E-02 0.363465E-02
80 0.169913E-02 2.390 0.477658E-03 2.928
160 0.681324E-04 4.640 0.148159E-04 5.011
320 0.176045E-05 5.274 0.386343E-06 5.261
640 0.287460E-07 5.936 0.908032E-08 5.411

"� 10�2 40 0.699282E-02 0.335328E-02
80 0.219998E-03 4.990 0.102000E-03 5.039
160 0.416665E-05 5.722 0.225675E-05 5.498
320 0.903759E-07 5.527 0.558733E-07 5.336
640 0.259654E-08 5.121 0.160738E-08 5.119

(i,j)

(i,1/2) Wall

(i,3/2)

(i,1)

Fig. 1 Sketch of the computational grid showing the solution points
located a half-cell away from the wall boundary.
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dissipation is ensured. The other significant benefit associated with
the increased " value is that the oscillation of ISk and!k are removed.
If the difference between ISk is treated as noise, increasing " value is
similar to increasing the ratio of signal to noise.

The criterion to determine the " value should be that " is
significantly greater than ISk in the smooth regions so that !k
approach Ck to have the minimum numerical dissipation. In the
shock regions, " should not be greater than ISk so that ISk can act to
switch the scheme to one-side differencing as an ENO scheme.

In the present study, it is observed that the " value of 10�2 is
optimum for subsonic and transonic flows. It keeps the weights equal
to the optimum value of Ck in the smooth regions, is able to identify
the shock discontinuities, removes the oscillation of ISk and !k, and
yields stable converged solutions. The original " value of 10�6

suggested by Jiang and Shu [2] generates oscillatory ISk, large
deviation of !k from the optimum weight Ck, significant numerical
dissipation, and very poor convergence.

Obviously, the strategy of increasing the value of " is very
different from its original purpose, which was to avoid being divided
by zero for the weights calculation given in Eq. (7). However, based
on the aforementioned analysis, such treatment is justified with a
sound theoretical foundation to improve the accuracy and stability of
the fifth-order WENO scheme. The benefit will be further
demonstrated by the numerical experiments given in Sec. III.

E. Time-Marching Method

The unfactored implicit Gauss–Seidel line relaxation method
developed in [30–32] by the authors’ research group is adopted in
this paper. This is the first time that this implicit method is usedwith a
WENO scheme.

The implicit fluxes given in Eq. (3) are treated as follows. The
inviscid fluxes defined by Eq. (4) are expanded in Taylor’s series
about interface i� 1

2
,
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Fig. 3 Weights variation histories at the probe point (1.828, 0.467) for

the supersonic laminar boundary-layer flows.
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boundary-layer flow, "� 10�2.
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boundary-layer flow, "� 10�2.
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Fig. 2 Convergence histories of the supersonic boundary-layer flows

with different " values.
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The first-order approximation is used for the implicit convective
terms to enhance diagonal dominance. That is,

�UL
i�1=2jn�1 ��Un�1

i ; �UR
i�1=2jn�1 ��Un�1

i�1

The fluxesF andG are treated in the same way. The implicit viscous
fluxes R, S, and T are discretized using second-order central
differencing. Then, the final implicit form is as follows:

�B�Un�1
i;j;k � A��Un�1

i�1;j;k � A��Un�1
i�1;j;k � B��Un�1

i;j�1;k

� B��Un�1
i;j�1;k � C��Un�1

i;j;k�1 � C��Un�1
i;j;k�1 � RHSn (12)

where RHS denotes right-hand side.
The Gauss–Seidel line iteration in a certain sweep direction, for

example, in � direction, assuming the sweeping from a small index
value to a large one, can be written as

B��Un�1
i;j�1;k � �B�Un�1

i;j;k � B��Un�1
i;j�1;k � RHS0 (13)

where

RHS0 � RHSn � A��Un
i�1;j;k � A��Un�1

i�1;j;k

� C��Un
i;j;k�1 � C��Un�1

i;j;k�1 (14)
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The accuracy of the converged solution is controlled by the RHS
of Eq. (12), which is calculated by the fifth-orderWENO scheme for
inviscid fluxes described in Secs. II.B–II.D and the conservative
fourth-order central differencing for viscous terms described in [28].
The overall accuracy of a converged solution is therefore fourth-
order.

F. Wall-Boundary Treatment

Because the numerical strategy is to achieve a fully conservative
finite differencing scheme, the solution points near thewall boundary
are not located on the wall surface as with the conventional finite
difference schemes. Instead, the solution points are located a half-
mesh interval away from the wall, as illustrated in Fig. 1, similar to
the finite volume treatment. For example, to calculate @F=@� at point
�i; 1�,

@F

@�
�
Fi;3=2 � Fi;1=2

��

For the fluxF1=2 on thewall with a no-slip boundary condition, we
have

F1
2
�

�vjw
�uvjw

�v2 � pjw
�vwjw

��e� p�vjw

2
66664

3
77775�

0

0

pjw
0

0

2
66664

3
77775

In this study, the third-order one-side extrapolation is used for pw,

pw � 1
6
�11p1 � 7p2 � 2p3�

and the third-order reconstruction forUL
i;3=2 andU

R
i;3=2 are used for the

interface 3
2
,

UL
i;3=2 � 1

6
�2U1 � 5U2 � U3�; UR

i;3=2 � 1
6
�11U2 � 7U3 � 2U4�

III. Results and Discussion

All the results presented in this section are calculated with double
precision, which gives machine zero as 10�12. The normalization of
the Navier–Stokes equation given in Sec. II.A is to provide the order
of magnitude of the flow variables, on which the discussion of the "
value of this paper is based.

y/L

ω
k

0.25 0.5 0.75

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

ε=10-6

ε=10-2

ω1

ω3

ω2

Fig. 11 Distribution of !k in �uj�1=2 along the mesh line across the

probe point for the subsonic flat-plate turbulent boundary-layer flows.

y/L

IS
k

0 0.25 0.5 0.75

10-8

10-7

10-6

10-5

10-4

10-3

Fig. 10 Distribution of ISk in �uj�1=2 along the mesh line across the
probe point for the subsonic flat-plate turbulent boundary-layer flow,

"� 10�2.

x

y

0 5 10
0

1

2

3

4

5

6

7

8

9

10

Probe point

ε=10-2

ε=10-6

Fig. 13 Pressure contours and the probe point of the transonic

converging–diverging nozzle flows.

y+

u
+

100 101 102 103

5

10

15

20

25

Law of the wall
ε=10-6

ε=10-2

Fig. 12 Comparison of the velocity profiles of the subsonic turbulent

boundary-layer flows.

SHEN, ZHA, AND WANG 337



A. Grid Convergence and Accuracy for One-Dimensional Linear

Wave Equation

To show the grid convergence of aWENO schemewith different "
values, the following wave equation

@u

@t
� @u
@x
� 0; �1< x < 1 u�x; 0� � u0�x�; periodic

(15)

with two different initial solutions u0�x� � sin�2
x� and u0�x� �
sin4�
x� at t� 1 are solved. Table 1 shows the errors and accuracy
order of theWENO scheme with the two different " values. It can be
seen that the accuracy of the WENO scheme with "� 10�2 is fifth-
order and the errors are 1 order of magnitude smaller than those of
"� 10�6. This is consistentwith the analysis and conclusion given in
Sec. II.D that the increased value of " improves the WENO scheme
accuracy in smooth regions.
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B. Supersonic Flat-Plate Boundary Layer

A steady-state laminar supersonic boundary-layer flow on an
adiabatic flat plate is employed to test the weight accuracy, stability,
and convergence of the aforementionedmethodology. The incoming
Mach number is 2.0. TheReynolds number based on the length of the

flat plate is 4:0 � 104. The Prandtl number of 1.0 is used to compare
with the analytical solution. The computation domain is taken to be
�0; 2	 � �0; 1:6	. Themesh size is 180 � 80, and a CFL number of 200
is used.
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Figure 2 shows that the convergence rate with " of 10�2 is more
than 2 times faster than that with the original value " of 10�6. To
examine the weights behavior, a probe point is placed at the location
(1.828, 0.467), which is out of the boundary layer in the uniform flow
region. The reason that the " value of 10�6 has slower convergence is
that the weights are not stable in the beginning of the iteration
process, whereas the weights with " of 10�2 are basically constant, as

shown in Fig. 3. Furthermore, the weights at the probe point (Fig. 3)
with " of 10�6 are eventually stabilized with the value of!0 � 0:109,
!� 0:858, !2 � 0:033. They are significantly deviated from the
optimal values and hence increase the numerical dissipation and
degrade the accuracy even for this smooth flow. Figure 3 indicates
that the weights of a WENO scheme with " of 10�2 have stably
secured the optimum values of 0.1, 0.6, and 0.3, which give the fifth-
order accuracy with minimum numerical dissipation, as explained in
Sec. II.D.

Figures 4 and 5 are the distributions of ISk of the converged
solution along the mesh lines passing through the probe point in the
streamwise and spanwise direction, respectively. It can be seen in
Fig. 4 that in the x direction (i.e., in �ui�1=2), the ISk are greater than
10�6 at the beginning and the end of the plate. In the y direction
(Fig. 5 for �uj�1=2), the ISk are greater than 10

�6 near the wall and in
the middle of the computation domain. As already mentioned, the
ISk value exceeding " will deviate the weights !k away from the
optimum value and increase numerical dissipation.

The velocity and temperature profiles of a fifth-order WENO
scheme with " of 10�6 and " of 10�2, shown in Figs. 6 and 7, indicate
that both numerical results agree excellently with the Blasius
solution [33].

C. Subsonic Flat-Plate Turbulent Boundary Layer

The subsonic flat-plate turbulent boundary layer is used as the
second 2-D test example. In this case, the Baldwin–Lomax
turbulence model is used [27]. The computation domain is taken to
be �0; 1	 � �0; 1	. The cell size is 180 � 80. The nondimensional
distance y� of the first point to the wall is kept under 0.2. The inlet
Mach number is 0.5, and the Reynolds number is 4 � 106 based on
the plate length. The flow is subsonic at the inlet and outlet. The CFL
number of 200 is used.

For this case, the convergence rates with " of 10�6 and 10�2 are
similar, as shown in Fig. 8. This can be explained by Fig. 9 showing
the evolution of weights with the iteration number at the probe point
(0.828, 9:98 � 10�3) located within the boundary layer. The weights
oscillation for "� 10�6 only occurs on the first few iterations and
then becomes stable. However, Fig. 9 shows that the weights with "
of 10�6 again are slightly deviated from the optimum ones. This
increases the numerical dissipation. Theweights with " of 10�2 again
have achieved the optimum values.

Figures 10 and 11 are the distribution of ISk and !k of the
converged solution along the mesh line in the spanwise direction
through the probe point. Figure 10 shows that ISk have the values far
greater than 10�6 within the boundary layer with a large velocity
gradient. This results in a large deviation of !k from the optimum
ones with reduced accuracy near the wall, as shown in Fig. 11.
However, for " of 10�2, the weights remain constant at the optimum
values, which ensure the fifth-order accuracy with minimum
numerical dissipation.
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Figure 12 shows that the results of both the fifth-order WENO
schemes with " of 10�2 and 10�6 agree well with the law of the wall.

D. Transonic Converging–Diverging Nozzle

To examine the performance of the methodology in two-
dimensional flow and the capability to capture shock waves, an
inviscid transonic converging–diverging nozzle is calculated. The
nozzle was designed and tested at NASA and was named nozzle A1
[34]. Because of the geometric symmetry about the center line, only
the upper half of the nozzle is calculated. The mesh size is 175 � 50.
The grid is clustered near the wall. The inlet Mach number is 0.22.
The CFL number of 10 is used.

To study the effects of different " values on the weights of Eq. (6),
a probe point is located at (8.315, 1.117), which is between the two
shock waves, as shown in Fig. 13.

Figure 14 gives the comparison of the variations of ISk vs iteration
numberwith " of 10�2 and 10�6. It can be seen that, when the shock is
being formed at the iteration about 750, all ISk are greater than 10

�6.
After the shock is stabilized, the ISk with " of 10�6 are still
oscillatory, whereas the ISk with " of 10

�2 are very stable.
Figure 15 gives the variations ofweights vs iteration number in the

� directionwith " of 10�6. It can be seen that, after the shock is formed
at the iteration number about 750, the weights continue to oscillate.
Figure 15 also shows that the !0 of the three conservative variables
�Li�1=2, (�u

L
i�1=2), and ��v�Li�1=2 approaches zero. Figure 15a shows

that the !1 and !2 in �Li�1=2 oscillate about the value of 0.5.

Figure 15b shows that, for (�uLi�1=2), the !1 oscillates about the

optimalweights 0.6, but!2 oscillates about 0.4. Figure 15c shows the
weights of ��v�Li�1=2 have the similar behavior as Fig. 15b, except

with the larger amplitude.With such a large oscillation of theweights
with " of 10�6, the convergence of the solution is impossible.

Figure 16 gives the variations of weights vs iteration number at the
same locations in �-direction as in Fig. 15 with " of 10�2. We can see
that after the oscillation occurs at the iteration number 750 when the
shock is formed, the weights !0, !1 and !2 return to the optimal
weights 0.1, 0.6 and 0.3, respectively, and are very stable. This
behavior is crucial to achieve high-order accuracy in the smooth
region.

Figure 17 is the distribution of weights !k with " of 10�2 of
�ui�1=2, along the grid line near nozzle centerline in the streamwise
direction from nozzle inlet to exit. It shows that the shock waves and
their reflections are very well captured by the weights with " of 10�2.

Figure 18 is the comparison of the convergence histories with " of
10�2 and 10�6. It shows that the iterationwith "� 10�2 can converge
to machine zero, whereas the residuals with "� 10�6 fluctuate at
about the level of 10�2 and 10�4, respectively.

In Fig. 19, the comparison of the pressure coefficients at the upper
wall is illustrated. The solution of "with 10�6 ismore smeared for the
shock profiles, even though both capture the shock locations well.
From the comparison of the pressure contours shown inFig. 13, it can
be seen that the converged solution with " of 10�2 is smoother than
that with " of 10�6.
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To see the effect of the modified WENO scheme on the refined
mesh with " of 10�2, Fig. 20 shows the convergence history of the
refined mesh of 350 � 100 for the nozzle. It can be seen that the
residuals are also converged to machine zero. Figure 21 is the
comparison of the surface pressure coefficients of the refined mesh
and the baselinemesh. The difference between the two results is very
small.

E. Transonic RAE2822 Airfoil

To further examine the modified WENO scheme for transonic
flows, the steady-state solution of the transonic RAE2822 airfoil is
calculated using the Reynolds-averaged Navier–Stokes equations
with the Baldwin–Lomax turbulence model. The mesh size is
128 � 55, the freestream Mach number M1 is 0.729, the Reynolds
number based on chord is 6:5 � 106, and the angle of attack is
2.31 deg.

To study the weights variation, a probe point is located at
�x; y� � �0:789; 0:0096�, which is downstream of the shock wave
near the trailing edge, as shown in Fig. 22. Figure 23 gives the
comparison of the variations of ISk with " of 10

�2 and 10�6. For this
case, all ISk are greater than 10�6. The zoomed figure (Fig. 23b)
shows that the ISk with " of 10

�6 are oscillatory even though the
amplitudes are small, whereas all the ISk with " of 10

�2 are stable.
Figure 24 shows the variations of weights vs iteration numberwith

" of 10�6. It can be seen that theweights oscillate largely before about
400 iterations during the shock-forming process. They become stable

after that. However, the weights do not approach their optimal values
(C0 � 0:1, C1 � 0:6, and C2 � 0:3). Instead, they approach the
values !0 � 0:05, !1 � 0:3, and!0 � 0:645. Furthermore, from the
zoomed plots shown in Fig. 25, it can be seen that the weights are
oscillating with small amplitude when " is 10�6, whereas the weights
with " of 10�2 are essentially constant.

Figure 26 demonstrates the variations of weights vs iteration
number in the � direction with " of 10�2. It can be seen that, after an
initial oscillation with small amplitude during the shock-forming
process, the weights are stabilized at their optimal values (C0 � 0:1,
C1 � 0:6, and C2 � 0:3).

Figure 27 is the distribution of ISk in�ui�1=2 with " of 10
�2 along a

grid line through the probe point in i direction from the upstream of
the airfoil to downstream. It shows that themajority of ISk are greater
than 10�6, and the ISk reach the maximum at the shock location at
x=L ’ 0:55. Figure 28 is the distribution of weights with " of 10�2

along the same mesh line. Similar to the case 3.3, the location of the
shock wave is very well captured and the weights remain at the
optimum values in the smooth region.

Again, from Fig. 29, we can see that both the maximum residual
and the L2 norm residual of " equal to 10�6 fluctuate at the level of
10�2 and 10�5, whereas the residuals of " equal to 10�2 can be
converged to machine zero.

Figure 30 is the comparison of the pressure coefficients with " of
10�6 and 10�2 at the airfoil surface. Both results are in good
agreement with the experiment, even though their convergence
levels are very different, as shown in Fig. 29. The pressure contours
(Fig. 22) also show that the overallflowfieldwith " of 10�2 is smooth.
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IV. Conclusions

This paper studies and analyzes the smoothness estimators of the
fifth-order WENO scheme. It is observed for the first time that the
weights of the fifth-order WENO scheme oscillate even for smooth
flows due to the large variation of the smoothness estimators. The
study shows that the low " value in the smoothness estimators of the
original Jiang and Shu’s fifth-order WENO scheme [2] introduces
weights oscillation and shift weights away from the optimum values.
This problem causes a poor convergence and increases numerical
dissipation. These phenomena even occur for the benign flat-plate
boundary-layer flows with no shock waves. Using an enlarged "
value of 10�2 in the fifth-order WENO scheme removes the
oscillation of theweights and significantly increases the convergence
rate and level. Furthermore, " value of 10�2 obtains the optimum
weights in the smooth regions and yields minimum numerical
dissipation and better accuracy than the original Jiang and Shu’s
fifth-order WENO scheme. The WENO scheme with " of 10�2

maintains the sensitivity to monotonically capture transonic shock
waves. The strategy of increasing the value of " to suppress the
oscillation of smoothness estimators is different from its original
purpose, which was to avoid the smoothness estimators being
divided by zero. The theoretical analysis given in this paper justifies
this treatment to improve the accuracy and stability of the fifth-order
WENO schemes.

The implicit time-marching method with unfactored Gauss–
Seidel line relaxation is used with the fifth-order WENO scheme to
enhance the convergence of the steady-state solutions with high
convergence rate and level. The third-order wall boundary
conditions with the solution points located a half-mesh point away
from the wall surface enforce the conservative conditions.

The following cases are calculated to demonstrate the high-order
methodology developed: 1) a flat-plate supersonic laminar boundary
layer, 2) a subsonic flat-plate turbulent flow solution with Baldwin–
Lomax turbulent model, 3) an inviscid 2-D converging–diverging
nozzle with oblique shock waves and reflections, and 4) a turbulent
transonic flow over RAE2822 airfoil. The numerical results show
that the methodology suggested in this paper is efficient, robust, and
accurate.

Choosing too large of an " valuewill create oscillation in the shock
region, which is observed in our experiment.When "� 10�1 is used,
the solutions of the transonic converging–diverging nozzle and
RAE2822 airfoil flows are oscillatory. The proposed " value of 10�2

is only demonstrated to be effective for subsonic and transonic flows.
It opens a door to improve the stability and accuracy of the WENO
scheme. However, the effectiveness of the " value for hypersonic
flows needs to be further studied.
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